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Annals of Mathematics 
Vol. 39, No. 3, July, 1938 


ON A GENERALIZATION OF KALUZA’S THEORY OF ELECTRICITY 

By A. Einstein and P. Bergmann 
(Received April 8, 1938) 

Introduction 

So far, two fairly simple and natural attempts to connect gravitation and 
electricity by a unitary field theory have been made, one by Weyl, the other 
by Kaluza. Furthermore, there have been some attempts to represent Kaluza’s 
theory formally so as to avoid the introduction of the fifth dimension of the 
physical continuum. The theory presented here differs from Kaluza’s in one 
essential point; we ascribe physical reality to the fifth dimension whereas in 
Kaluza’s theory this fifth dimension was introduced only in order to obtain 
new components of the metric tensor representing the electromagnetic field. 
Kaluza assumes the dependence of the field variables on the four coordinates 
x 1 , x 2 , x 3 , x* and not on the fifth coordinate x° when a suitable coordinate system 
is chosen. 

It is clear that this is due to the fact that the physical continuum is, accord¬ 
ing to our experience a four dimensional one. We shall show, however, that 
it is possible to assign some meaning to the fifth coordinate without contradict¬ 
ing the four dimensional character of the physical continuum. 

In the first chapter of our paper we present Kaluza’s original theory; in 
the second, its new generalization. This is done in order to make the reading 
easier. 

In the appendix we simplify the derivation of the field equations by generaliz¬ 
ing the tensor calculus for the case of tensor densities. 

I. The Kaluza Theory 1 

1. We consider a five dimensional space (4+1 dimensions) with the metric 

(1) dc 2 = y llv dx il dx\ 

2. We assume that the space is “cylindrical” with respect to a definite vector 
field. Analytically this means: There exists a contravariant vector A v so that 
if r is an infinitesimally small constant, then 

(2) 8x v = r-A v 

is an infinitesimal displacement of the space points. The element must not 


1 Contained in part in O. Klein, Zeitschrift f. Phys., 37 (1926), 895-906, A. Einstein, 
Sitzungsberichte d. Preuss. Akademie d. Wissenschaften, Physik.-mathemat. Klasse, 

1927, 23-30. 
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change its length given by (1) if its endpoints are displaced according to (2). 
This is expressed by the equation: 

(3a) y nv.aA* + + y va A a %ll = 0. 

The invariant character of this equation can easily be shown. Putting 

(3b) 7 n<rA a = A M , 

we get 

(3c) A^y “t“ Ay tf x A { yfxa,v -f~ Ifva.yi T/iiqa} 6, 

or 

(3d) \A,, V - A.Tl,} + \A Vtfl - A a T° vtl } = 0, 

where are the Christoffel symbols of the second kind. Or, in the language 
of the absolute tensor calculus we have: 


(3) A m; „ + A Vtt]L — 0. 2 

It follows from (3) that y tlv A ti A v (that is the norm of A M ) is constant along 
the lines to which A M is a tangent. By multiplying (3) by A^A V we obtain: 

(4) + A M A v Ay; M = A y (A M A M ), y = 0. 

3. Kaluza’s theory imposes another property on the vector field A M , besides 
the one expressed in (3): The lines to which the A* 1 are tangents—the “A-lines” 
—have to be geodesics. Analytically this means: The lines defined by 

dx 

(5) ~ = \A r 

da 


(where 1/X 2 is equal to the norm of A ) satisfy the equation 


(6a) 

or, according to (5): 
(6b) 


d 2 x" „ dx a dx^ _ 

+ al> 77 77 ~ ’ 


^2 A a A" + A a A\ a = 0. 
dx a 


d In X 

The first term vanishes because of (4) (- A a is the derivative of a function 

' v dx a 


of the norm of A in the direction of A ). Therefore: 



2 Killing’s equation. 
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or 

(6d) A a A, :a = 0. 

From (3) follows: 

(6) A a A a;v = h(A a A a ), y = 0. 

This means that the norm of A is constant not only along the A -lines but in 
the whole space. We characterize, in this way, the space structure in Kaluza’s 
theory. 

Remark: From the “cylindrical” character of the space there follows the 
existence of a vector A the symmetrical derivatives of which vanish. But there 
remain the antisymmetrical derivatives of A M which represent, in Kaluza’s 
theory, the electromagnetic field. 

The Special Coordinate System 

We consider a four dimensional surface cutting each of the A-lines once 
and only once. We introduce on this surface 4 coordinates x a (a = 1 • • • 4) 
and assume x° equal zero on this surface. Through each point of the surface 
passes an A-line on which one of the two directions is chosen as positive; this 
choice is to be the same on all A-lines. As ^-coordinate we choose the distance 
along an A-line calculated with the help of (1), starting from the original four 
dimensional surface with x° = 0, the chosen direction determining the sign 
of x°. 

Therefore, on the £°-line: 

f x ° — 

(7a) x° - I VToo dx° f 

and therefore in the whole space, 

(7) Too = 1. 

As the absolute value of A is always 1, we have 
(8a) TooA°A° = 1, 

or, 

(8) A 0 = 1, 

since, because of the choice of our coordinate system, A 1 - A 2 = A 3 = A 4 = 0. 
From this and (3a), expressing the condition of cylindricity, we have 

(9) Tm»,o = 0. 

As generally 

A m = t lii-A , 
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we have in the special coordinate system, 

(10) Am 'Yom ) Aq Too 1* 

None of the components of A M depend on x° because of (9). Therefore in the 
antisymmetrical derivatives 




all components bearing one index zero vanish identically. 

In our special coordinate system the space structure is described by 10 func¬ 
tions y mn and 4 functions y 0 m( = A m ), which do not depend on x°. (Here and 
later the latin indices run only from 1 to 4.) This is, therefore, a four dimen¬ 
sional description of the space. But the variables introduced are not, from 
the point of view of our description, the most natural ones, as will be shown 
soon. 

We ask: What coordinate transformations are still allowed preserving our 
special coordinate system? 

a. The coordinates x a have been chosen arbitrarily on the four dimensional 
surface (with x° = 0). Therefore the following transformation is still allowed: 



We call it the Four-transformation. 

b. The four dimensional surface (with x° = 0) was chosen arbitrarily. It 
can be replaced by another surface without changing the ^“-coordinates corre¬ 
sponding to the A-lines. The appropriate transformation is: 




X = X° + fix 1 • • * X *). 


We call it the Cut-transformation. 

The y mn behave, with respect to a four-transformation, as a four dimensional 
tensor and A n ( = Ton) as a four-vector. With respect to the cut-transformation 
we have 

(13) A m = A m - 


(14) 


7 


mn 


ymn ymO 


K 

dx n 


7»o 


df , df df 


dx 


m 


+ 


dx m dx n 


Instead of the y mn which are not invariant with respect to cut-transforma¬ 
tions (according to (14)) we introduce new functions g mn by the following con¬ 
sideration: Let two infinitesimally close A-lines L and L' pass through two 
infinitesimally close points P and P f . There exists between L and L' an 
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GENERALIZATION OF KALUZA's THEORY OF ELECTRICITY 687 

extremal distance because of the existence of a metric. This distance is deter¬ 
mined by 

(15) Q fiv T nv A^Ap, 

The defined in this way are components of a five dimensional tensor. In 
the special coordinate system only those of its components which have no zero 
index do not vanish, i.e. the g mn are its only components. The g mn behave 
like a four dimensional tensor with respect to the four-transformation and are 
invariant with respect to cut-transformations. 

It is, therefore, quite natural to choose g mn and A m as field variables in 
the special coordinate system; the g mn are the components of the physical 
metrical tensor. The antisymmetrical derivatives of A m , that is A m ,n — 
A n , m , are invariant with respect to the cut-transformation, but not the com¬ 
ponents Am themselves. This corresponds to the fact that the electromagnetic 
potentials are defined only up to additive terms which are gradients of an arbi¬ 
trary function. 

This result can be summarized: The five dimensional space structure is 
equivalent to a four dimensional one with a metric ( g mn ) and a vector field 
(A m ), determined only up to an additive arbitrary gradient. 

Kaluza’s roundabout way of introducing the five dimensional continuum 
allows us to regard the gravitational and electromagnetic fields as a unitary 
space structure. This result is essential. At first sight it could be argued: 
Is it really a step forward to introduce a five dimensional metric and a vector 
for which we assume some arbitrary restrictions instead of a four dimensional 
metric and a four-vector? But to be just to Kaluza’s theory it should be born 
in mind that the one really arbitrary step is taken only when the five dimensional 
representation of the four dimensional space is assumed. If, however, this is 
done, then the introduction of a five-vector is merely a consequence, necessary 
because of the four dimensional character of the empirical space. The repre¬ 
sentation of the electromagnetic field by a potential vector, achieved in this 
way, is certainly not a trivial result. 

But apart from this point, the result is rather disappointing. Kaluza’s aim 
was undoubtedly to obtain some new physical aspect for gravitation and elec¬ 
tricity by introducing a unitary field structure. This end was, however, not 
achieved. 

The field equations of the theory can be derived for instance with the help 
of a variational principle. This means a choice of an action function which 

must be a scalar density, i.e. —p. •§> must be an invariant with respect to the 

Vg 

four- and cut-transformations. Therefore, in our special coordinate system, 
the invariant has to be formed of the g mn and A m as well as of such derivatives 
of these quantities which do not change if A m is replaced by - df/dx m . 
We can conclude, therefore, that A m can enter the action function only through 
their antisymmetric derivatives. If the Hamiltonian § has to contain only 
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second derivatives of the potentials g mn , A m , or expressions of the second order 
containing only first derivatives, then the most general action function is of 
the form 

(16) § = \/g(R + c-M), 

where R is the curvature invariant and M the Maxwell invariant. 

Many fruitless efforts to find a field representation of matter free from singu¬ 
larities based on this theory have convinced us, however that such a solution 
does not exist. 


II. Generalization of Kaluza’s Theory 


General Remarks about the Space Structure 

If Kaluza’s attempt is a real step forward, then it is because of the introduc¬ 
tion of the five dimensional space. There have been many attempts to retain 
the essential formal results obtained by Kaluza without sacrificing the four 
dimensional character of the physical space. This shows distinctly how vividly 
our physical intuition resists the introduction of the fifth dimension. But by 
considering and comparing all these attempts one must come to the conclusion 
that all these endeavors did not improve the situation. It seems impossible to 
formulate Kaluza’s idea in a simple way without introducing the fifth dimension. 

We have, therefore, to take the fifth dimension seriously although we are not 
encouraged to do so by plain experience. If, therefore, the space structure 
seems to force acceptance of the five dimensional space theory upon us we must 
ask whether it is sensible to assume the rigorous reducibility to four dimensional 
space. We believe that the answer should be “no,” provided that it is possible 
to understand, in another way, the quasi-four dimensional character of the 
physical space by taking as a basis the five dimensional continuum and to 
simplify hereby the basic geometrical assumptions. 

To make the underlying ideas clearer we consider a two dimensional space 
(instead of the five dimensional one), that is approximately a one dimensional 
continuum (instead of a four dimensional one). 


x° 

As 

n 


s 




T 



3 We tried to find a rigorous solution of the gravitational equations, free from singulari¬ 
ties, by taking into account the electromagnetic field. We thought that a solution of a 
rotational-symmetrical character could, perhaps, represent an elementary particle. Our 
investigation was based on the theory of “bridges” (Einstein and Rosen, Phys. Rev., 48: 
73 (1935). We convinced ourselves, however, that no solution of this character exists. 


This content downloaded from 129.122.1.23 on Fri, 27 Apr 2018 21:51:26 UTC 

All use subject to http://about.jstor.org/terms 



GENERALIZATION OF KALTJZA*S THEORY OF ELECTRICITY 


689 


The space considered is the narrow strip limited by the lines ST and S'T', 
The coordinates are x° and x l , and, for the sake of simplicity, the Euclidean 
character of the space is assumed. We imagine the strip curved into a tube 
so that ST coincides with S'T'. Every point P on ST coincides in this way 
with a certain point P' on S'T', so that a small cylindrical surface is formed. 
If the width of the strip, that is, the circumference of the cylinder (denoted by b), 
is small, and if a continuous and slowly changing function <p(x °, x l ) is given, 
that is if b-d<p/dx a is small compared with <p, then the values of <p belonging 
to the points on the segment PP' differ from each other very slightly and ip 
can be regarded, approximately, as a function of x 1 only. This reduction of 
the number of dimensions of the space was achieved because the space is closed 
in the x°-dimension and the “width” is very small. But this quasi-one dimen¬ 
sional character of the space does not exist if the function <p varies too rapidly. 

The assumption concerning the Euclidean character is certainly unessential 
for our consideration. It may be essential for our argument that some metric 
is assumed so that it is possible to speak of a circumference in the x°-direction, 
but in any case we are interested only in spaces with a Riemannian metric. 

It is more convenient to consider, in the following, instead of a space “closed” 
in the x°-direction 4 a space “periodic” in the x°-direction. The “periodic” and 
the “closed” character are equivalent if the corresponding points P, P', P", • • • 
are regarded as “the same” point. 

By putting in our picture the four dimensional continuum x 1 • • • x 4 instead 
of the one dimensional continuum x we obtain a model of the physical space 
which will form the basis of our future considerations. 

The most essential point of our theory is the replacing of the hypothesis 2, 
of rigorous cylindricity by the assumption that space is closed (or periodic) in 
the x°-direction. 


The Space Structure 

We shall characterize the space according to our previous remarks concerning 
the modified form of Kaluza’s theory. 

1. We consider a five dimensional space with the metric (1). 

2. The space is closed with respect to one dimension. This closed space will 
be represented by a space which is open and periodic with respect to this di¬ 
mension. A point P of the physical space will, therefore, be represented by an 
infinite number of points P, P', P", • • • . 

Remark: This postulate replaces the cylindricity condition in Kaluza’s orig¬ 
inal theory. 


3. Through every space point there passes a geodesic line closed in itself and 
free from singularities. Or, formulated for the “periodic” space: If two points 
P, P' corresponding to each other, but otherwise arbitrary, are connected by 

4 This expression is not quite clear but it may be used here in a chapter aiming only at 
a general orientation. 
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the geodesic line, 5 then this line also passes through all other points corresponding 
to P, i.e. through P", P'" etc. 

This axiom is analogous to the axiom 3. of the original Kaluza theory. The 
geodesic lines introduced here correspond to the A-lines in Kaluza’s theory and 
we shall again call them the A-lines. 

We again introduce the special coordinate system. We consider a four 
dimensional surface x° = 0 cutting all A-lines once and only once. The four 
coordinates x 1 • • • x 4 on this surface determine a point on this surface as well 
as an A-line through this point. Any point P on this A-line is determined by 
the distance (measured along this line with the help of (1)) between P (that is 
the intersecting point of the A-line and the surface x° = 0) and P. For points 
on the 1 ‘positive” side of the surface x° = 0 we have 



where b is 
(17a) 




da. 


Here P, P' are two corresponding, consecutive points lying on the A-line. 
Therefore, b depends on x 1 • • • x 4 only. By this convention the difference of 
the ^-coordinates of two corresponding, consecutive points (which, of course, 
lie on the same x°-line) equals 1. 

By the assumptions thus made five coordinates x°, x 1 • • • x 4 correspond to 
every space point. 

Lines with constant x 1 • • • x 4 are geodesic lines. On these lines we have: 


(18a) 


dx 1 _ dx 2 _ dx z _ dx i 
da da da da 


dx° _ 1 
da b 7 


d 2 x° 

da 2 



Therefore, the equation of the geodesic line gives 

(18b) r 0 a 0 = 0. 

From this follows: 

<18c) [“] - 0, 

or 

(18d) Too.o = 0 

and 

(18) 27o0,0 — 700,a = 0. 


6 We do not consider the existence of more than one geodesic connection. 
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Equation (18d) does not contain anything new because we have on the A -lines: 

(19a) da 2 = b 2 dx° 2 

and 



which is independent of x°. 

We integrate (18) over one period along the A -line. The integral of the first 
term on the left hand side in (18) gives zero because of the periodic character of 
the space. Because of (17) and (19) we obtain: 





d 

dx a 


( 6 2 ) = 0 . 


Therefore b and 700 are independent of x 1 • • • x 4 too, i.e. constant in the whole 
space. We may write: 



7oo — 1, 
6 = 1 . 


In a strict sense we were not justified in choosing the value for 700 as we have 
already chosen the coordinate difference Ax° of corresponding, consecutive 
points to be equal 1. We take this fact into account by putting Az° not 1, but 
some small quantity X. Then, because of (21), X is simultaneously the metric 
distance P'P ". 

Furthermore, from (18) follows because of ( 21 ) 


(22) b 

Therefore, in the generalized theory also, the 7 oa (but not the 7 a6 ) are inde¬ 
pendent of x . We can introduce, in the generalized theory as well as before, 
the field of contravariant unit vectors A M the components of which are, in the 
special coordinate system, 0 , 0 , 0 , 0 , 1 . Therefore again 

( 22 a) A a = A^ypa = 70 a. 


We can also introduce as the metric tensor instead of the 
(23) Qafi = 7 a/3 — A a Ap } 

of which only those components which have no index zero do not vanish. There 
exists, in this sense, here also a four dimensional metrical tensor g ab . Its 
components are , however , in general periodic functions of x°. The whole difference 
between the new theory and Kaluza’s lies just in this fact. ( A m in both theories 
do not depend on x°.) 

Having characterized the space structure we shall turn later, after some 
mathematical preparations, to the formulation of field equations which can be 
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derived from a variational principle in the space considered. We shall again 
demand that the Hamiltonian be composed additively of terms containing 
either second derivatives (linearly) or products of two first derivatives. 


Tensor Analysis with Respect to the Special Coordinate System 

From our definition of the special coordinate system it follows that again 
there exists the freedom of “four-transformations” and “cut-transformations.” 
In order to avoid the formal difficulties of general coordinate systems we have 
to investigate the transformation properties of the quantities formed with 
respect to the four- and cut-transformations. Definition of the contravariant 
four-vector: Four quantities a (being functions of x °, x 1 • • • x A ) form a contra¬ 
variant vector if, with respect to four-transformations, the following transfor¬ 
mation law is valid: 




dx* 

dx l 



and if the a s are invariant with respect to cut-transformations. The definition 
of a covariant vector is quite analogous. The definition of a tensor also follows 
from this. 

Therefore g mn is a tensor. However A m (= y 0 m) is not a vector as the com¬ 
ponents transform, with respect to a cut-transformation, according to (13). 
The A mn = Atn,n — A n ,m are, however components of a tensor. 

The tensor algebra is the same as the normal four dimensional one and does 
not need to be carried out here. 

We now direct our attention to the formation of new tensors by differentiation. 

1. For both four- and cut-transformations we have 



= _a_ 

a? da ? 9 


Therefore: From every tensor a new one may be formed by differentiation with 
respect to x°. 

2. Covariant differentiation with respect to x°: If ^ is a scalar then we have 
for cut-transformations: 


(26a) 



From this equation and (13), by eliminating/ (0 , we get that 

_ a ^ 
d^~ a dx° 


is invariant with respect to the cut-transformations. Therefore the operator 
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acting on a tensor, leaves its components invariant with respect to cut-trans¬ 
formations. 

On the other hand, we know from the absolute differential calculus that the 
expression 

(27a) B 8t a — hBig lm (g m8 , a + g a m,s — g a *,m ) 

(B s being an arbitrary covariant vector) has a tensor character with respect 

d 

to four- (but not cut-) transformations. By replacing — in this expression 

dx a 

everywhere by the operator (26) we add new members which again have a 
tensor character with respect to four-transformations, this being true for B 8t0 , 
g-mn, 0 i A 8 . The expression obtained in this way certainly has a tensor char¬ 
acter with respect to four-transformations. Since it is also invariant with 
respect to cut-transformations it satisfies our definition of a tensor. 

We can, therefore, define an invariant differentiation in the following way: 

( 27 ) Bs\a = Bs,a ~ A a B $t 0 — BiVlay 
where 

(27b) r #a 2*7 [(*7 ms,a A a g m 8,o) “f" (^,8 Asgma,o) (^a*,m A m g aSt o)]. 

In an analogous way we have for a contravariant vector with the same T l sa : 

(28) BU = BU - A.B% + B l T' la . 

From this a corresponding rule for more general tensors follows immediately. 
The absolute differentiation defined thus satisfies the rule of differentiation of 
products. 

By straightforward calculation one obtains 

(29) g mn ; a = g mn ;a = 0. 

3. The curvature tensor: By a straightforward calculation we find: 

(^ 9 ) B 8 ;a;b ~ B s ;b,a = — BiR* aa b — B 8% oAdb * 

where 

(30a) R.aab = (r sa,b ^bTga.o) (r a & ia -4 a r s 6,o) — Tam Tab + 

From (30) follows, because of the tensor character of the last term, that R! 8a b 
is a tensor (the curvature tensor) which is antisymmetric with respect to its 
last two indices. 

4. The commutation rule for the operators “ >0 ” and 1 ‘la” is 

(*^) (^m,o);a (Wm;o),0 = Towi.O • 

The derivatives of the Tam with respect to x° have, therefore, tensor character 

® A ah — Aa,b — A b t a . 
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Variational Principle and Field Equations 

Starting from the formalism developed here we shall formulate the most 
general field equations satisfying the following conditions: 

1. The field equations should be derived from a variational principle; 

2. The action function should consist exclusively of terms containing either 
second derivatives linearly or products of two derivatives of the first order. 

These are the tensors from which such an action function could be built 
algebraically: 

R.klm ) A mn 7 Qmn y Qmn ,0 j Qmn ,00 j Arnn ,0 ) Amn\a» 


Some of the invariants formed from these tensors can, by partial integration 
of the Hamiltonian integral be reduced to the others. There remain only the 
following invariants which are, in this sense, independent of each other: 


(32) 


< 


H = R\ lm 8\g km = R km g km = R, H = A mn A Ht g ma g nt = A mn A mn , 
1 2 

TT J mn _ tt _mn ra 

tt Q ,0^mn,Oj tt g gmn,0g 0Va,O • 

3 4 


The most general variational principle, satisfying our conditions formulated 
above, is therefore: 

(33) 8 / &dx°dx 1 dx 2 dx 3 dx* = 0, § = ^/-g( a H + aH + aH + <xH\ 

J \11 22 33 44 / 

where a • • • a are arbitrary constants. The variation has to be carried out 

1 4 

with respect to the g mn and the A 8 . The integral should be taken over an 
arbitrary world region of the coordinates x • • • x 4 and over one period of the 
coordinates x. The latter restriction is necessary because the 8A S must be 
chosen independent of x°. (Compare (22)). Therefore the contributions from 
the boundary of the region do not enter into the usual operations performed 
on the action function only if the integral is taken over exactly one period of 
x°. The calculations, which may be performed with the help of the methods 

+ hRik — hg k iR\ &g kl 

+ [g mn r 8 mn ,o — g ms TZn,o]dA s }\/-gdx 0 ••• dx 4 , 

{[2 A km A/: 1 - hg kl A mn A mn ]dg kl 

— [4:A st ;t \dA s } \/ — gdx° • • • dx 4 

[ — 2g k i,oQ + 2g rs g kri ogi St o — g rs g rs ,ogki,o 

- %g rs ,ogrs,og k i]dg kl V-g dx° • • • dx 4 , 

^z[|(^ n ^n.o) 2 + 2g mn g mn ,oo 

+ 2g mn >0 g m n,o]&g kl V- g dx° • •. dx 4 . 


quoted in the appendix, give: 

8 J $dx° • • • dx 4 = J 

8 J §dx° - • • dx 4 = J 


( 34 ) 


8 / §dx • • • dx = 


-/ 


/ 


8 / §dx • • • dx = 


/ 
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Here the 8g kl are arbitrary functions of the coordinates x° • • • The sum 
of the coefficients of 8g k \ multiplied by their a , must, therefore, vanish. How- 

ever, the 8A S are, as we mentioned before, functions of x • • • x A only, but inde¬ 
pendent of x°. Therefore, in this case, only the integral of the sum of the 

coefficients of , (multiplied by their a), taken over one period of z°, vanishes. 

* 

The fourteen field equations derived in this way from the variational principle 
(33), take the form: 

oc{\Rki + \Rik — hQkiR) + ac(2AkmAi m — %gkiA mn A mn ) + 

1 2 

+ a( — 2gki,oo + 2g rs g kr,og is, 0 — 9* grs,ogki,o — hg r8 ,og rs ,ogki) + 

3 

+ a9kil%(g mn gmn,o) 2 + 2gr mn gr wn ,oo + 2g mn t og mn ,o] = 0 = —t=~ -,i y 

4 v “ 9 

(36) j {a(g mn r : nn , 0 - g m ‘r: n , 0 ) - 4aA‘J} V~g dx° = 0 = J S' dx°. 

Finally we shall derive the identities which the field equations satisfy. As 
it is customary, we shall find these identities by expressing analytically the 
invariance of the Hamiltonian integral with respect to an infinitesimal coordi¬ 
nate transformation. If we introduce for 8g mn and 5A* the variations produced 
by an infinitesimal coordinate transformation, then the variation of the integral 
vanishes. It should be noted that the variation is not to be carried out with 
the space points fixed, but with the coordinate values fixed. Denoting the 
infinitesimal coordinate transformations by 

X + Fix • • • x) 
x° + ?(x l • • • x 4 ) 




we obtain for 8g mn 
(37b) 


and 8A S : 

( *. kl 81 yk 8k yl I kl y8 I Jkl >.0 

*9 = "9 t,* - 9 + 9 +9 .o£ , 

+ ? + A 8 , r £ r . 


These expressions can easily be brought into a form revealing more clearly their 
tensor character: 


(37c) 


V* = -9 s1 ?-,* - 9 sk ? + 9 kl Mr£ + f), 
= (Ar? + £°);« + A 8r l; r - 


The expression {A r £ + £°) is an inner product of two five dimensional vectors, 
therefore a scalar. After performing some partial integrations (using the 
methods explained in the appendix) we obtain: 


(37d) 


$dx a = -h A.fcar]^ -h — 3f?.](A r € r -h €°)} dx- = 0. 
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As t, £° are arbitrary functions of x 1 - • • a; 4 , but independent of x° the integral 
(37d) will vanish identically if and only if the integrals of the square bracket 
expressions over one period of x° equal zero: 



/ 


T8 jr 0 


&r,g r ‘.odx 


-{/ 


/ 


2 / ®** : . dx u + A, k I 3* dx° 


* 0 


3* dx 


;* 



These are the identities of the field equations (35), (36). 

The theory involves four universal constants, a/a , a/a , a/a , X. The con- 

2 13 14 1 

stant a/a corresponds to the gravitational constant involving a connection 
2 1 

between the (arbitrary) units of length and mass. One of the other constants, 
for instance X, will depend on the unit of length. The remaining two are 
“genuine” universal constants which cannot be eliminated from the theory. 


Summary 

Kaluza’s five dimensional theory of the physical space provides a unitary 
representation of gravitation and electromagnetism. It demands, if consist¬ 
ently interpreted as a five dimensional theory, the existence of a vector A, 
whose symmetrical covariant derivatives vanish in the whole space. Apart 
from its physical meaning, this assumption seems to be artificial. Furthermore 
the representation of a purely four dimensional continuum by a five dimensional 
one appears not to be sufficiently justified. 

By our generalization we try to eliminate these objections. The hypothesis 
of cylindricity, (i.e. of the existence of a vector A with vanishing symmetrical 
derivatives) is replaced by the assumption that the space is closed in the direc¬ 
tion of the fifth coordinate. By this change the basic assumptions of the theory 
are considerably simplified. Furthermore it is much more satisfactory to 
introduce the fifth dimension not only formally, but to assign to it some physical 
meaning. Nevertheless there is no contradiction with the empirical four 
dimensional character of physical space. 


Appendix 

Analysis of Tensor Densities 

The tensor density plays, beside the concept of tensors, an important role 
in relativistic investigations. Although the concept of tensor densities can 
easily be reduced to that of tensors nevertheless the whole formalism and 
especially the derivation of the field equations from the variational principle 
are considerably simplified if tensor densities are introduced independently. 
Although the analytical properties of tensor densities have been fully investi- 
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7 • • • 

gated we shall, in order to make the reading easier, make some remarks on 
the subject. 

A tensor density differs from a tensor by a factor (common to all components) 

having the transformation character of a scalar density. A scalar density p 

(n) 

of the “weight” n is a quantity with the following transformation property: 


(A 1) 


p 

(n) 


= P 

(n) 


dx fi 


n 


There exist, correspondingly, tensor densities of different weights. (Ordinary 
tensors are tensor densities of the weight zero.) By multiplying two tensor 
densities of the weights m and n we obtain a tensor density of the weight 
(m + n). The rules of a tensor density algebra follow immediately from that 
of the tensor algebra and need not be derived here. 

For the sake of simplicity we shall consider here only quantities in a four 
dimensional continuum; the results are, however, independent of the number of 
dimensions. 

There exist, in every four dimensional space, the two tensor densities of 
Levi-Civita 


and 


&iklm 

(- 1 ) 


8iklm j 
(+ 1 ) 


antisymmetric in all indices, the components of which are +1 or —1, depending 
of whether ( Helm ) is an odd or an even permutation of (1234). Their tensor 
density character follows immediately from the transformation law of tensor 
densities. From the Levi Civita tensor densities the well known Kronecker 
tensor 52' (with components equal 1 if m = m' and 0 if m 9^ m') can be ob¬ 
tained by: 

(A 2) «' = i 8 iklm 8 iklm \ 

(-D (+i) 


We assume in the space under consideration the existence of symmetrical 
components of parallel displacement (the space functions r** = T l ki ) by which 
the covariant derivatives of a tensor are defined in the usual way: 


(A 3) 






This definition of the covariant differentiation has two essential properties: 

1. It satisfies the rule for the differentiation of products of the ordinary 
calculus: 

(AZ?);« = AB t s “b BA ; S . 


7 V. Hlavaty, Annalii di Mathematica, V, Ser. IV (1927/28): Theorie des densiUs dans le 
displacement general. 
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2. The absolute derivatives of the Kronecker tensor vanish identically: 



We shall now define the covariant derivative of a tensor density so that: 

1. The rule for the differentiation of products is preserved; 

2. The absolute derivatives of the co- and contravariant tensor densities of 
Levi Civita vanish identically. 

By direct calculation we confirm that these demands are satisfied by the fol¬ 
lowing definition: 


(A 4) Bf.... = B\ 

(n) (n) 




+ B|:::ri + 

(n) 


T)k- • • -pZ 
— t > j.. • 1 i 

(n) 


t a 


- nB*: : :r: 

(n) 


sr 


This is the rule for the differentiation of tensor densities of the weight n. 

If we specialize the space further by assuming that it is Riemannian then 
the components of the parallel displacement are given by: 

(A fi) r m n 2 9 ( Qml,n “f" Qnl,m Qmn,l)j 

and therefore 

(A 6) r, n n =\ — , g=\ 9 ik\. 

A 9 

The determinant g is a scalar density of the weight 2. By applying (A 4) 
we get: 

(A 7) g u = g„ - 2g(\ g -*) = 0. 

Therefore the absolute derivative of y/g and, because of the rule for the differ¬ 
entiation of products, the absolute derivatives of g mn \/ g and of g mn \/g vanish also. 

We shall now show how the tensor densities can be applied in the variational 
process. 

1. The derivation of the equations of gravitation by the variation of Rie- 
mann’s curvature tensor: 


(A 8) 



^>dr = 0, 

(i) 




£> = V - g g km s‘i Rikim 

(1) 


It was shown by Palatini that the variation with respect to the g km can be 
simplified, because of the equation: 


(A 9) 



which can easily be verified (note that 8Th is a tensor!). Because of 
(A 10a) 8(V=gg km ) = V-g(8g km - ig km g a „-8g ab ), 
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we have then 


(A 10b) 


8 f &dr = J s/—g(Rkm — hgkmR)8g km dr 


+ 


J V-gg km [(STh)- m - (srUddr. 


As ( g km -\/—g);i vanishes the integrand of the second integral may be written 


(A 10c) 


W-gUF* rL - g'-trDh, 


where the square bracket expression K l is a vector density of the weight 1. 

(i) 

It follows, therefore, from (A 4) that K\i may be replaced by K\ . This 

(i) (i) 

integral vanishes, according to Gauss’ theorem, if the variations of the 
and of the vanish on the boundary of the integration region. There remains 
only the first integral of (A 10b) so that the result is 


(A10) 


Rkm 2 gkmR — 0 . 


2. Tensor densities in the space of the generalized Kaluza theory. In such 
a space, and in the special coordinate system, a scalar density of the weight n 
can be defined by the transformation law: 


(A 11) 


P = P 

(n) (n) 


p = p 

(n) (n) 


dx* 


n 


for four-transformations, 


for cut-transformations. 


The transformation law of tensor densities is also determined by this defini¬ 
tion, i.e. reduced to that of tensors. 

Covariant differentiation of tensor densities: We can expect, because of (A 4) 
and (27), (28), that the following formula expresses the differentiation rule: 


(A 12) 


U k '" _ U k "' A J2 k "‘ _l_ D |, **T* 

jlj i • • •[, Jlj (. • • n. 8 Jj \ •.. t 0 ] jD j* •» 1 is 

(n) (n) (n) (n) 


+ ... - 

(n) 


l 

X 8 


• • • - nBt'.'rh. 


8ikim is a tensor density with respect to four-transformations and invariant 
(-D 

with respect to cut-transformations. It is, therefore, a tensor density according 
to our definitions. The absolute derivative of this tensor density, given by 
(A 12), vanishes. It can also be seen that (A 12) preserves the rule for the 
different at ion of products. 

It follows from our definitions that g = j g mn | is a scalar density of the weight 2 

( 2 ) 

with the absolute derivatives: 


(A 13) 


g., = g,. - A,<7,0 - 2gT\i - 0. 


( 2 ) 
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(This vanishes because of (27b).) Furthermore the equation holds: 
(A 14) g mn;8 = 0. 

We form the divergence B* 8 of a vector density B s of the weight 1. 

(i) (i) 


to (A 12) we have 
(A 15a) 


B; 8 

( 1 ) 


and as A , does not depend on x° 
(A 15) Bl 

(i) 


B% - A 8 B\ o, 

(i) (i) 


B% - (A S B‘), o. 

(i) (i) 


According 


It is essential to note here that both terms on the right hand side take the 
form of ordinary derivatives. 

We have now, as in the gravitational theory, to form the variation of the 
integral (Compare (32), (33)) 


(A 16a) 



This integral, however, is to be taken over a region of the variables x°, x 1 • • • x 4 , 
which contains exactly one period of the coordinate x° (and is arbitrary with 

« j • 

respect to x • • • x ). The R\i m are defined by (30a). The variation of this 
quantity takes the form: 


(A 16b) 



($rL) ; i - UmTko + 5A,rL.o. 


The variation of this integral gives, as far as the variation of the factor g km -\/—g 
is concerned, the contribution: 


(A 16c) j \/^g(\Rkm + iRmk — igkmR)&g km dr. 

The variation of R'kim gives, because of the two last terms in (A 16b), 
(A 16d) J V=g(g km TL.o - g kl TT m ,o)SAidr. 


The first two terms on the right hand side of (A 16b), however, do not give 
any contribution. The proof is similar for both terms; we shall, therefore, 
show it only for the first one. The integrand 


can, because of 


V^g-g km {hY l kl )., m 

(V~g-g km );m = 0, 


(following from (A 13), (A 14)) be brought into the form: 


r%m 

( 1 ) 
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But such an integral vanishes because of (A 15). It does so partially because 
the variations vanish on the ^-boundaries, partially because of the periodicity 
of B m with respect to x°. The final result of the variation is: 

(A 16) j V^giihRkm + Vtmk - hg* m R)8g km + (g km rL.o - g kl rL.o)6Aj| dr, 

where the 8g km depend arbitrarily on x a , x°, the however only on x a . 

The calculations applied in the derivation of the identities are quite similar. 

Institute for Advanced Study. 
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